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Einstein coefficients – In class we have derived the probability densities of spontaneous and 
stimulated transitions under the assumption of monochromatic light having a photon flux 
density 𝜙𝜙, such that the probability density of an induced transition was 𝑊𝑊𝑖𝑖 = 𝜙𝜙𝜙𝜙(𝜈𝜈). 

We will here carry similar analysis but with broadband light as done by Einstein in 1917, where 
he assumed energy exchange between atoms and radiation at thermal equilibrium through 
broadband radiation of spectral energy density 𝜚𝜚(𝜈𝜈) (unit of Jm−3s ) such as coming from a 
black body. Considering two levels 1 and 2, with 2 being an upper level, he named: 

- the probability density of transition due to spontaneous emission 𝐴𝐴21. Unit of 𝐴𝐴21 is s-1.  
- the probability density of stimulated emissions 𝐵𝐵12 and 𝐵𝐵21, depending on the direction 

of the transition. Unit of 𝐵𝐵12 and 𝐵𝐵21 is J−1m3s−2 
 
a. Considering the three possible atom-radiation interactions, write the rate equation for the 

population of the upper level  𝑁𝑁2 (𝑖𝑖. 𝑒𝑒. 𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

) using Einstein A and B coefficients and assuming 
spectral energy density 𝜚𝜚(𝜈𝜈). (Start by expressing the rate of change of 𝑁𝑁2 for the three 
processes) 

Spontaneous emission (decrease in population): �𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑
�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

= −𝐴𝐴21𝑁𝑁2 

Stimulated emission (decrease in population): �𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑
�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

= −𝐵𝐵21 𝜚𝜚(𝜈𝜈)𝑁𝑁2 

Absorption (increase in population): �𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑
�
𝑎𝑎𝑎𝑎𝑎𝑎

= 𝐵𝐵12 𝜚𝜚(𝜈𝜈)𝑁𝑁1 

The rate equation is therefore: 

 
𝒅𝒅𝑵𝑵𝟐𝟐

𝒅𝒅𝒅𝒅
= −𝑨𝑨𝟐𝟐𝟐𝟐𝑵𝑵𝟐𝟐 − 𝑩𝑩𝟐𝟐𝟐𝟐 𝝔𝝔(𝝂𝝂)𝑵𝑵𝟐𝟐 + 𝑩𝑩𝟏𝟏𝟏𝟏 𝝔𝝔(𝝂𝝂)𝑵𝑵𝟏𝟏 

 

b. Given that the blackbody spectrum of radiation is given by 𝜚𝜚(𝜈𝜈) = 8𝜋𝜋ℎ𝜈𝜈3

𝑐𝑐3
1

exp� ℎ𝜈𝜈
𝑘𝑘𝐵𝐵𝑇𝑇

�−1
  , and 

using Boltzmann distribution, show that at steady state 𝐵𝐵12 = 𝐵𝐵21 ≡ 𝐵𝐵  and that  𝐴𝐴21
𝐵𝐵

=
8𝜋𝜋ℎ𝜈𝜈3

𝑐𝑐3
.  

At steady state: 

 
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

= −𝐴𝐴21𝑁𝑁2 − 𝐵𝐵21 𝜚𝜚(𝜈𝜈)𝑁𝑁2 + 𝐵𝐵12 𝜚𝜚(𝜈𝜈)𝑁𝑁1 = 0 

𝜚𝜚(𝜈𝜈)(𝐵𝐵12𝑁𝑁1 − 𝐵𝐵21𝑁𝑁2) = 𝐴𝐴21𝑁𝑁2 

𝜚𝜚(𝜈𝜈) =
𝐴𝐴21𝑁𝑁2

(𝐵𝐵12𝑁𝑁1 − 𝐵𝐵21𝑁𝑁2) 



𝜚𝜚(𝜈𝜈) =
𝐴𝐴21

�𝐵𝐵12
𝑁𝑁1
𝑁𝑁2

− 𝐵𝐵21�
 

𝜚𝜚(𝜈𝜈) =

𝐴𝐴21
𝐵𝐵21

�𝐵𝐵12𝐵𝐵21
𝑁𝑁1
𝑁𝑁2

− 1�
 

We know from Boltzmann distribution that 𝑁𝑁1
𝑁𝑁2

= exp �𝐸𝐸2−𝐸𝐸1
𝑘𝑘𝐵𝐵𝑇𝑇

� = exp � ℎ𝜈𝜈
𝑘𝑘𝐵𝐵𝐵𝐵

� 

Therefore  

𝜚𝜚(𝜈𝜈) =
𝐴𝐴21
𝐵𝐵21

1

�𝐵𝐵12𝐵𝐵21
exp � ℎ𝜈𝜈𝑘𝑘𝐵𝐵𝐵𝐵

� − 1�
 

But we are given that  : 

𝜚𝜚(𝜈𝜈) =
8𝜋𝜋ℎ𝜈𝜈3

𝑐𝑐3
1

exp � ℎ𝜈𝜈𝑘𝑘𝐵𝐵𝐵𝐵
� − 1

 

By inspection we conclude that 
𝑩𝑩𝟏𝟏𝟏𝟏

𝑩𝑩𝟐𝟐𝟐𝟐
= 𝟏𝟏 ⇒ 𝑩𝑩𝟐𝟐𝟐𝟐 = 𝑩𝑩𝟏𝟏𝟏𝟏 

𝑨𝑨𝟐𝟐𝟐𝟐
𝑩𝑩𝟐𝟐𝟐𝟐

=
𝟖𝟖𝟖𝟖𝟖𝟖𝝂𝝂𝟑𝟑

𝒄𝒄𝟑𝟑
 

 

c. Based on the answer found in b. show that the rate of change of 𝑁𝑁2 due to spontaneous 
emission always dominates the rate of change of 𝑁𝑁2 due to stimulated emission at room 
temperature (T = 300 K and 𝑘𝑘𝐵𝐵𝑇𝑇  = 25 meV) in the near infrared region where  ℎ𝜈𝜈 ≈ 1 𝑒𝑒𝑒𝑒. 
This is another way of understanding why lasing cannot occur under such condition and 
why pumping is required. 

 

�
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

= −𝐴𝐴21𝑁𝑁2 

�
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

= −𝐵𝐵21 𝜚𝜚(𝜈𝜈)𝑁𝑁2 

Therefore:  

�𝑑𝑑𝑁𝑁2𝑑𝑑𝑑𝑑 �𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
�𝑑𝑑𝑁𝑁2𝑑𝑑𝑑𝑑 �𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

=
𝐵𝐵21
𝐴𝐴21

𝜚𝜚(𝜈𝜈) =
1

exp � ℎ𝜈𝜈𝑘𝑘𝐵𝐵𝑇𝑇
� − 1

=
1

exp � 1
0.025� − 1 

≪ 1  

Rate of stimulated emission is negligible compared to spontaneous emission. 

 



d. At what wavelength are the rates of spontaneous and stimulated emission equal in a two-
level system at room temperature (T = 300 K)? 

We need to find when : 

�
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

= �
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

�
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

 

Meaning when : 
−𝐴𝐴21𝑁𝑁2 = −𝐵𝐵21 𝜚𝜚(𝜈𝜈)𝑁𝑁2 

𝐴𝐴21
𝐵𝐵21

= 𝜚𝜚(𝜈𝜈) 

8𝜋𝜋ℎ𝜈𝜈3

𝑐𝑐3
=

8𝜋𝜋ℎ𝜈𝜈3

𝑐𝑐3
1

exp � ℎ𝜈𝜈𝑘𝑘𝐵𝐵𝑇𝑇
� − 1

 

exp �
ℎ𝜈𝜈
𝑘𝑘𝐵𝐵𝑇𝑇

� = 2 

𝜈𝜈 = ln(2)
𝑘𝑘𝐵𝐵𝑇𝑇
ℎ

 

𝜈𝜈 = 4.33 ∙ 1012 Hz 

𝝀𝝀 = 𝟔𝟔𝟔𝟔.𝟐𝟐𝟐𝟐 𝛍𝛍𝛍𝛍 


